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We study quasiparticle scattering effects on the dynamics of a homogeneous Bose-Einstein con-
densate of ultracold atoms coupled to a single mode of an optical cavity. The relevant excitations,
which are polariton-like mixed excitations of photonic and atomic density-wave modes, are identi-
fied. All the first-order correlation functions are presented by means of the Keldysh Green’s function
technique. Beyond confirming the existence of the resonant enhancement of Beliaev damping, we
find a very structured spectrum of fluctuations. There is a spectral hole burning at half of the recoil
frequency reflecting the singularity of the Beliaev scattering process. The effects of the photon-loss
dissipation channel and that of the Beliaev damping due to atom-atom collisions can be well sepa-
rated. We show that the Beliaev process does not influence the properties of the self-organization
criticality.
I. INTRODUCTION
In open quantum systems, an external coherent driving
together with the energy dissipation into the environment
can lead to interesting new features of quantum critical
phenomena [1–9]. Both the driving and damping have
substantial effects on the spectrum of quantum fluctu-
ations and, thereby, on the nature of dissipative phase
transitions. It has recently been shown that the critical
exponent of the diverging fluctuations at a critical point
is determined by the spectral properties of the relevant
dissipation channel [10, 11]. Recent experiments pro-
vided for measured values of the critical exponent in the
dynamical phase transition of ultracold atoms coupled
to the field in a high-finesse optical resonator [12, 13]. It
was also shown that the decay of the coherent excitations
of the Bose-Einstein condensate (BEC) had a noticeable
effect on the detected quantum fluctuations. Neverthe-
less, this dissipation process has not yet been described
within a model that would enable us to discuss its im-
pact on the observed criticality. In this paper we present
a detailed microscopic theory which takes into account all
the components of the experiment that can be relevant
to the dissipation and criticality.
We consider the dissipative processes in a condensate
of ultracold bosonic atoms that are coupled to a sin-
gle mode of a high-finesse optical cavity. This system
is known to produce a so-called self-organization phase
transition which was thoroughly studied both theoreti-
cally [14–17] and experimentally [18–23]. It takes place
at a critical value of the external laser driving strength,
the control parameter, where the initially homogeneous
atom cloud illuminated from the side undergoes an or-
dering into a wavelength periodic pattern matching the
cavity mode function. Underlying this phase transition
there is a long-range interaction between the atoms me-
diated by the optical field in the cavity. The cavity mode
geometrically selects a quasiparticle excitation of the con-
densate with which it forms an atom-field polariton mode.
This polariton is the soft mode of the continuous phase
transition as its eigenfrequency vanishes at the critical
point. This self-organization phase transition was re-
cently extended to spin texture formation [24, 25] and
also to higher symmetries [26, 27].
The polariton is subject to damping because the cav-
ity mode is lossy: there is a continuous photon leakage
through the mirrors into the free-space modes. This dis-
sipation channel, in the present case, is very well under-
stood and can be treated as usual linear relaxation pro-
cess with exponential decay accompanied by quantum
fluctuations with white-noise spectrum. On the other
hand, the short-range interaction between the atoms,
namely the s-wave atom-atom collision leads to highly
non-trivial dissipative processes. One of the possible
scattering processes leads to the so-called Beliaev damp-
ing [28–31]. The atomic density-wave quasiparticle in the
presence of the condensate decays into two other density-
wave modes. In a recent paper we showed for the lossless
cavity that the resulting Beliaev damping undergoes a
resonant enhancement as the control parameter is var-
ied [32, 33]. This prediction was in qualitative agree-
ment with experimental observations [12]. In the the-
ory, we treated the atom-atom interaction within Markov
approximation, which led to characterizing the Beliaev
damping by means of a single decay parameter. The
following questions arise naturally. Can the Markovian
approximation be used in such situations with enhanced
dissipation? Furthermore, is it valid to treat the cav-
ity free from losses? Can there be a nontrivial interplay
between the two dissipation channels?
In the present paper we make a significant progress in
describing the Beliaev damping process and answer the
above questions. We adopt the Keldysh-type Green’s
function approach which enables us to deal with the cou-
pling of lossy subsystems with arbitrary spectral density
function and to simplify the higher-order processes in a
systematic expansion of the Dyson equation. Owing to
this general approach, we can calculate the spectrum of
quantum fluctuations of the polariton mode even if the
collisional phonon bath leads to non-Markovian dynam-
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2FIG. 1. The schematic picture of the system. An atomic
ensemble inside a Fabry-Pe´rot cavity is pumped from the side
by a laser close to resonance with the cavity. The atomic gas
undergoes self-organization for strong enough laser drive: the
atoms scatter photons from the laser to the cavity and may
create a classical field serving as an optical lattice trapping
them even further in the optimal scattering positions.
ics and we can also include the effects of cavity photon
loss.
This paper is organized as follows. Following this in-
troduction, in Sect. II we present the model for the laser-
driven Bose-Einstein condensate strongly coupled to a
single mode of a high-finesse optical cavity. In Sect. III
we present the Keldysh-Green’s functions for the full
problem, and integrate out the quasi-particle modes of
the condensate other than the one coupled to the optical
mode. This calculation leads to describing the effect of
phonon modes by means of a reservoir coupling density
function. Thereby we prove our previous conjecture that
the Beliaev process can be mapped, to leading order, on
the problem of linear coupling to a reservoir composed of
bosonic modes. The coupling density function character-
izing the effective reservoir, however, can be a strongly
patterned spectral function. In Sect. IV, we calculate this
coupling function in the case of immersing the quasipar-
ticle into a three-dimensional condensate. We determine
the first-order correlation function of the quasiparticle ex-
citations in Sect. V, where numerical examples demon-
strate the significantly non-Markovian character of the
dissipative processes.
II. BOSE-EINSTEIN CONDENSATE IN A
HIGH-FINESSE OPTICAL CAVITY
We consider a trapped cloud of ultracold atoms cou-
pled to a single-mode of a high-finesse optical resonator
in the geometry corresponding to the self-organization
experiments [18]. The atoms are illuminated from the
side, from a direction perpendicular to the cavity axis,
with a far-detuned laser standing wave. The driving field
angular frequency ωL is close to the cavity mode reso-
nance ωC , the detuning is defined as ∆C = ωL − ωC ,
whereby there is efficient photon scattering off the atoms
between the quantized cavity mode and the classical laser
driving field. The atoms are represented by the quan-
tized matter-wave field Ψˆ(x), whereas the single cavity
mode with spatial mode function cos(k x) is described by
the annihilation and creation operators a, a†. The total
grand canonical Hamiltonian reads then, in units of ~,
Kˆ = Hˆ − µ Nˆ
= −∆C aˆ† aˆ +
∫ +L2
−L2
dx Ψˆ†(x)
(
− 1
2m
d2
dx2
− µ
)
Ψˆ(x)
+
g
2
∫ +L2
−L2
dx Ψˆ†(x) Ψˆ†(x) Ψˆ(x) Ψˆ(x) ,
+ η
(
aˆ† + aˆ
) ∫ +L2
−L2
dx Ψˆ†(x) cos(k x) Ψˆ(x) , (1)
where Hˆ is the Hamiltonian, Nˆ is the particle number
operator and µ is the chemical potential. The first term
is the energy of the photon field in the frame rotating
with the driving laser frequency ωL. Then the atomic
energy term follows, which includes the kinetic energy
for mass m, and the short-range contact interaction with
effective coupling strength g. The last term describes
the interaction that arises from the photon scattering: it
amounts effectively to a driving of the cavity mode with
amplitude η incorporating atomic and laser parameters,
such as the atomic dipole strength, the detuning from the
atomic resonance and the laser field strength. This η can
experimentally be the control parameter of the system.
For notational simplicity, we use only the spatial co-
ordinate x, however, all the expressions can be trivially
generalized to three dimensions, considering simply x as
a three-component vector. Since the trapping potential
geometry is irrelevant, as long as its length scale is much
larger then the optical wavelength scale, we introduce a
fictitious box containing the atom cloud with length L.
It will be taken in the limit L → ∞. The atomic field
can be expanded in plane-wave basis
Ψˆ(x) =
1√
L
∑
p∈P(L)
hˆp e
i p x , (2)
where the bosonic annihilation operator hˆp is associated
with the mode with wavenumber p, element of the index
set P(L) = { 2piL · j | j ∈ Z}.
Throughout the paper, we assume that the driving
strength is smaller than the critical value of the self-
organization phase transition. It means that the cavity
contains no coherent mean-field of photons and there is
no optical dipole potential modulating the spatial distri-
bution of the condensate. We can then safely assume that
the atomic gas is prepared as a Bose-Einstein condensate
in the lowest momentum state p = 0, and that the pop-
ulation of thermal excitations are very small. Thus, we
can perform the replacement hˆ0, hˆ
†
0 →
√
Nc, where Nc is
the number of atoms in the Bose-condensed cloud. As
3Nc is much larger than the occupation of all the other
single-particle modes, the grand canonical Hamiltonian
can be rearranged according to the order of the product
of the ladder operators (aˆ, aˆ†, hˆp, hˆ†p with p 6= 0) such
that,
Kˆ = Kˆ0 + Kˆ1 + Kˆ2 + Kˆ3 + Kˆ4 , (3)
The zeroth order term Kˆ0 is an uninteresting scalar
shift of the energy and can be dropped. The next or-
der, Kˆ1, contains all the terms with only one ladder
operator. This term is generally used to determine the
mean-field condensate density and wavefunction by set-
ting Kˆ1 = 0. In our simple case of a homogeneous con-
densate, this term is automatically zero due to momen-
tum conservation. Finally, we neglect the smallest 4th
order term which comprises only single-particle opera-
tors. We keep the second and third orders, the former
being a Bogoliubov-type quadratic Hamiltonian; the lat-
ter contains the scattering of excitations over the highly-
populated BEC wavefunction. These scattering processes
are responsible for the damping of excitations and are in
the focus of this paper.
In the thermodynamic limit, where Nc → ∞, L → ∞
such that Nc/L is constant, each term of the Hamiltonian
must be extensive, i.e., proportional toNc or L. Then, we
must assume that all ladder operators are asymptotically
in the order of
√
L and we need to introduce the coupling
constant g˜ = g Nc/L and y =
√
2Ncη such that they have
a finite value in the thermodynamic limit.
According to the last line of Eq. (1), momentum con-
servation ensures that the cavity directly couples only
atoms with momentum ±k to the condensate. As higher
momentum modes play little role in the self-organization
transition [34], we neglect them. Trigonometric identi-
ties restrict this coupling further, eventually to a single
atomic state. Instead of the ±k plane wave modes, we
introduce a cosine and a sine mode, and their ladder op-
erators accordingly,
hˆ†±k =
1√
2
(
cˆ† ± i sˆ† ) , (4a)
hˆ±k =
1√
2
( cˆ∓ i sˆ ) . (4b)
The newly introduced operator cˆ is the annihilation oper-
ator of the cosine mode, while sˆ is that of the sine mode.
The cosine-density wave and the cavity mode form a hy-
brid excitation with both atomic and photonic characters
and will be referred to as a polariton.
We introduce further simplifications that can be in-
voked in the subspace of the polariton dynamics. These
are the following:
• We will see later that the low momentum p ≈ 0 part
of the spectrum is irrelevant for the dynamics of the
polariton excitation having ±k momentum. There-
fore we can safely neglect the second-order colli-
sional Bogoliubov terms hˆphˆ−p, hˆ†phˆ
†
−p and hˆ
†
phˆp
k− 2
k− 0
2
k
k
Rω
1
4 R
ω
p− p k p−k p− +
FIG. 2. Dispersion of single-particle excitations of the con-
densate forming a bath for the density-wave mode selected
by the optical resonator mode. The first band expands in the
range (0, ωR/4), the second band is (ωR/4, ωR). Higher bands
are not plotted but are included in the calculation.
from Kˆ2 and take µ ' 0 for the sake of consistency.
This approximation amounts to replacing the lin-
ear part of the Bogoliubov spectrum near p ≈ 0 by
the quadratic dispersion relation valid for higher
quasi-momentum excitations.
• In Eq. (1) only the cosine mode survives the inte-
gration in the last line from the laser pump. In the
second line, we neglect the collisional terms of the
odd-parity sˆ mode.
• In the third-order term Kˆ3, we keep only terms
involving a polariton operator cˆ or cˆ†. The domi-
nant term is the one originating from s-wave scat-
tering with a condensate particle. The remaining
two atomic operators must have momentum p and
k − p in order to satisfy momentum conservation.
With these approximations we arrive at
Kˆ = −∆C aˆ† aˆ + ωR cˆ† cˆ + 1
2
y
(
aˆ† + aˆ
) (
cˆ† + cˆ
)
+
∑
p
ωp hˆ
†
p hˆp +
2√
2Nc
g˜
×
∑
p<k/2
(
cˆ† hˆp hˆk−p + cˆ† hˆ−p hˆ−k+p + h. c.
)
, (5)
where we use the recoil frequency ωR = k
2/2m and
the approximate dispersion relation ωp = p
2/2m illus-
trated in Fig. 2. We often refer to the modes h±p as
phonons.The summation goes over the set p ∈ P(L) \
{0,+k,−k}. Each term hˆp hˆk−p in the summation has
the symmetry p ↔ k − p. This way, the summation for
the atomic single-particle momentum states is confined
to the 0 < p < k/2 interval. The negative side of the
dispersion is taken into account by a factor of 2 in front
of the sum.
4III. KELDYSH APPROACH TO THE
DISSIPATIVE SYSTEM
The Hamiltonian in Eq. (5) describes two coupled bo-
son modes, aˆ and cˆ, the latter one interacting also with
many phonon modes hˆp. In the limit of large length L,
these phonon modes form a continuum that can be con-
sidered as a bath acting on mode cˆ. We describe this
driven-dissipative quantum system with the help of the
Keldysh path integral technique, the details of which can
be found, e.g., in Refs. [35–38].
The key quantities of our investigation are the inter-
acting Green’s functions of the cosine mode cˆ, and the
photon mode aˆ. The Green’s functions of mode cˆ are
defined as
Gc(t, t
′) ≡
(
GKc (t, t
′) GRc (t, t
′)
GAc (t, t
′) 0
)
= (−i)
(〈ccl(t) ccl ∗(t′)〉 〈ccl(t) cq ∗(t′)〉
〈cq(t) ccl ∗(t′)〉 0
)
. (6)
Inside the averages, the variables are weighted with the
Keldysh action and are integrated over in a path integral
[37]. The Green’s functions of the photon mode are de-
fined in a completely similar way. We split the Keldysh
action to three non-interacting components and two in-
teraction parts,
S = Sa + Sc + Sh + Sch + Sac . (7)
After introducing classical and quantum variables for the
ladder operators, the non-interactiong Keldysh action for
modes aˆ, cˆ and for the phonons, read as
Sa =
∫ +∞
−∞
dt
(
acl ∗(t) aq ∗(t)
)
G(0)−1a
(
acl(t)
aq(t)
)
, (8)
Sc =
∫ +∞
−∞
dt
(
ccl ∗(t) cq ∗(t)
)
G(0)−1c
(
ccl(t)
cq(t)
)
, (9)
and
Sh =
∑
p
∫ +∞
−∞
dt
(
hcl ∗p (t) h
q ∗
p (t)
)
G(0)−1p
(
hclp (t)
hqp(t)
)
,
(10)
with the inverse free Green’s function matrices
G(0)−1a =
(
0 i∂t + ∆C − i κ
i∂t + ∆C + i κ 2 i κ
)
, (11)
G(0)−1c =
(
0 i∂t − ωR − i 
i∂t − ωR + i  2 i 
)
, (12)
and
G(0)−1p =
(
0 i∂t − ωp − iγp
i∂t − ωp + iγp 2 i γp(2 n¯p + 1)
)
, (13)
respectively. The photon mode aˆ has a high frequency
and ∆C is referenced to the driving frequency ωL. The
decay of this mode is unaffected by the interaction with
the mode cˆ. Moreover, the flat reservoir spectrum at
high frequencies ensures the validity of a Markovian ap-
proximation, which is reflected by using a single constant
parameter κ, half of the photon loss rate, in the Keldysh
component. The parameter  is an infinitesimal regular-
ization parameter. Its actual value is irrelevant, since the
Green’s function for mode cˆ is regularized due to the in-
teraction with the bath of phonon modes. The phonon
modes themselves are also decaying, although this mech-
anism originates from the neglected K3 terms describ-
ing atom-atom collisions of three phonon operators, i.e.,
not including any polariton mode. Higher order terms
or other physical processes may also contribute to the
phonon decay. Rather than modelling these processes
at a microscopic level, here we simply introduce phe-
nomenologically a linewidth γp for the phonon modes.
We take into account finite temperature via the thermal
population of the phonon modes n¯p = (e
βωp −1)−1, with
β = 1/kBT the inverse temperature.
Finally, the interaction terms are
Sch = − g˜√
Nc
∫ +∞
−∞
dt
∑
p
(
ccl ∗ hclp h
q
k−p+c
cl ∗ hqp h
cl
k−p
+ cq ∗ hclp h
cl
k−p + c
q ∗ hqp h
q
k−p + c. c.
)
, (14)
describing the interaction between the cosine mode and
the phonons, while
Sac = −y
2
∫ +∞
−∞
dt
[
(aq + aq ∗)(ccl + ccl ∗)
+ (acl + acl ∗)(cq + cq ∗)
]
(15)
represents the interaction between the cosine mode and
the cavity photons.
In order to arrive to the effective dynamics of the two
relevant degrees of freedom, namely aˆ and cˆ, we integrate
out the hˆp modes in one-loop level. As a result of the in-
tegration, a new decay channel to the mode cˆ emerges
from the phonon bath. We proceed by calculating an in-
termediate Green’s function for cˆ in perturbation theory
with Eqs. (9) and (10) as the free system and Eq. (14) as
the perturbation. The intermediate Green’s function is
expressed with the Dyson equation (after Fourier trans-
formation),
G˜
−1
c (ω) = G
(0)−1
c (ω)−Σc(ω) , (16)
where we introduced the self energy Σc(ω), the contri-
bution of the irreducible graphs connecting to two ex-
ternal points [36]. The above intermediate Green’s func-
tion defines the effective action S˜c in a similar manner
as the noninteracting Green’s function (12) defines the
5FIG. 3. The self energies of the cosine-mode Green’s func-
tions. The solid lines sand for the classical components of the
phonon fields, while the dashed lines represent their quantum
parts.
bare action (9). Now, the renormalized action S˜c in-
cludes also the decay of mode cˆ into the phonon bath.
In Appendix A, we outline the main steps leading to the
Dyson equation for mode cˆ. The corresponding Feynman
diagrams of the cosine mode self energies are depicted in
Fig 3. Their contribution is
ΣR/Ac (ω) =
2g˜2
Nc
∑
p<k/2
n¯p + n¯k−p + 1
(ω − ωp − ωk−p)± i (γp + γk−p) ,
(17a)
where the upper sign stands for the retarded, and the
lower sign for the advanced part of the self energy. The
Keldysh component is evaluated to be
ΣKc (ω) = −i
4g˜2
Nc
∑
p<k/2
(2 n¯p n¯k−p + n¯p + n¯k−p + 1)
× γp + γk−p
(ω − ωp − ωk−p)2 + (γp + γk−p)2
. (17b)
By introducing a fictitious Beliaev quasiparticle with
ω(B)p = ωp + ωk−p, (18a)
γ(B)p = γp + γk−p, (18b)
g2p = 2g˜
2(n¯p + n¯k−p + 1) , (18c)
the self energies take the following form:
ΣR/Ac (ω) =
1
Nc
∑
p<k/2
g2p
ω − ω(B)p ± iγ(B)p
, (19a)
ΣKc (ω) = −2i
1
Nc
∑
p<k/2
g2p
(
2 n¯(B)p + 1
)
× γ
(B)
p(
ω − ω(B)p
)2
+ γ
(B) 2
p
, (19b)
which are the self energies corresponding to a bath which
is linearly coupled to the mode cˆ. For consistency, the
newly introduced occupation number must be
n¯(B)p =
1
eβ (ωp+ωk−p) − 1 . (20)
The numerators of Eq. (17b) and Eq. (19b) are, in fact,
the same, since
1 +
1
n¯
(B)
p
= eβ (ωp+ωk−p)
= eβωpeβωk−p =
(
1 +
1
n¯p
) (
1 +
1
n¯k−p
)
.
IV. THE COUPLING DENSITY FUNCTION OF
THE PHONON BATH
Once the interaction with the phonons is expressed in
the form of a linear coupling to a bath, all the proper-
ties of the self-energy functions can be originated from a
spectral function, the so-called coupling-density function.
It is defined by
ρ(ω) =
1
Nc
∑
p<k/2
g2p δ
(
ω − ω(B)p
)
. (21)
In the following, first we calculate this coupling-density
function from the microscopic model, and then we ex-
plicitly give the self energies of the polariton excitation,
ΣR/Ac (ω) =
∫ +∞
−∞
dω′ ρ(ω′)
1
ω − ω′ ± iγ(B) , (22a)
ΣKc (ω) = −2i
∫ +∞
−∞
dω′ ρ(ω′) · γ
(B)
(ω − ω′)2 + γ(B) 2 .
(22b)
We assume that the damping rate of the phonons γ
(B)
p
is small for all the relevant phonon modes that participate
in the Beliaev process, thus, taking the limit γ
(B)
p → 0,
the self energies become
ΣR/Ac (ω) = P
∫ ∞
0
ρ(ω
′
)
ω − ω′ dω
′ ∓ ipiρ(ω) , (23a)
ΣKc (ω) = 2piiρ(ω) . (23b)
We write the Keldysh component for zero temperature
(T = 0). With this, the collisional phonon interaction
is incorporated into these self-energies. This can be then
the starting point to study the dynamical behavior of the
polariton excitation.
In order to get a numerical estimate, we consider a
87Rb condensate of Nc = 10
5 atoms at T = 0, in a
3-dimensional harmonic trap of mean frequency ω¯ =
2pi × 142 Hz, which is well in the Thomas-Fermi limit.
The scattering length is a = 5.29 nm, the wavelength
is λ = 780 nm, and the mass is m = 1.443 × 10−25
6kg. At zero temperature, the effective coupling constant,
Eq. (18c), simplifies to gp =
√
2g˜. In a shallow trap, the
dispersion relation of the effective Beliaev quasiparticle
can be approximated as
ω(B)px ,p⊥ =
p2x
2m
+
(k − px)2
2m
+ 2 · p
2
⊥
2m
, (24)
where p⊥ is the momentum orthogonal to the cavity axis
direction x and the wavenumber k. The summation in
the thermodynamic limit goes into∑
px<k/2
∑
p⊥
( . . . ) → V
(2pi)3
∫ k
2
−∞
dpx
∫
R2
d2p⊥ ( . . . ) .
(25)
A straightforward evaluation of Eq. (21) yields
ρ(ω) =%
√
ω
ωR
− 1
2
θ
(
ω
ωR
− 1
2
)
, (26)
% =
√
ωRm3
~3
g2
2pi2
Nc
V
. (27)
This expression for the coupling density function is the
central result of the paper. In the following, we use only
this formula in order to calculate measurable correlation
functions that describe the dynamical properties of the
coupled photon-quasiparticle system. Using the bare s-
wave scattering constant g = 4pi~a/m where a is the
s-wave scattering length, one gets for the coefficient
%
ωR
=
4
√
2
pi
Nc
V
a2 λ . (28)
With the above mentioned values of the parameters, the
formula yields % ≈ 1.4 × 10−2ωR. This % can be tuned
by applying an external magnetic field to increase the
scattering length.
V. CORRELATIONS AND FLUCTUATIONS
After integrating out the phonon bath, we take into
account its effect solely by means of the spectral function
ρ(ω), Eq. (26). The total Keldysh action, Eq. (7), reduces
to
S = Sa + S˜c + Sac , (29)
that corresponds to the problem of two interacting
bosonic modes which are coupled to their respective en-
vironments. In Fourier space,
Sa =
∫
dω
2pi
(
acl∗, aq∗
)( 0 ω + ∆C − iκ
ω + ∆C + iκ 2iκ
)(
acl
aq
)
(30)
describes the cavity mode decaying to a “flat” reservoir
with a rate κ, and
S˜c =
∫
dω
2pi
(
ccl∗, cq∗
)( 0 ω − ωR − ΣAc
ω − ωR − ΣRc −ΣKc
)(
ccl
cq
)
(31)
describes the dynamics of the phonon-damped polariton
mode. Its Beliaev-type decay to the phonon bath is in-
corporated in the self energies in Eqs. (23a,b).
In the following, we study the interplay of the phonon
damped polariton mode, and the intrinsically damped,
leaky cavity mode. Since their interaction, described by
Sac in Eq. (15), contains counter-rotating terms, e.g.,
aclcq, aq ∗ccl ∗, the variable space must be doubled by in-
troducing fields with negative frequencies so that the to-
tal Keldysh action, Eq. (29) can be expressed in a closed
quadratic form [38]. There are classical and quantum
variables for both modes, and with ω and −ω arguments,
i.e., altogether eight variables. The full problem can be
expressed in a 8 × 8 matrix form of the action. On in-
verting the matrix, one gets access to all the Green’s
functions. The calculation is analogous to the one in
Ref. [11]. Here we can simply adopt the results for the
various Keldysh Green’s function components of the two-
mode system, and insert the specific function ρ(ω) calcu-
lated in the previous section (see Eq. (26)). The spectrum
of fluctuations are of our main interest, since these quan-
tities are directly measurable, as it was demonstrated in
recent experiments [12]. These spectra correspond to the
Fourier-transform of the correlation functions,
Ca(t) = 〈{a(t), a†(0)}〉 , Cc(t) = 〈{c(t), c†(0)}〉 , (32)
which are given by the appropriate components of the
Keldysh Green’s function.
By increasing the strength of the pumping laser, the
coupling between the cosine density wave of the conden-
sate and the photons of the cavity becomes stronger.
As a result, a mode softening takes place, and the po-
lariton frequency goes down to zero at a critical point,
where the system goes through a phase transition into
a superradiant phase [14, 18, 39]. The critical point
is at yc =
√
(∆2C + κ
2)ωR/|∆C |. The effect of a non-
Markovian reservoir on the critical behaviour has been re-
cently studied [10, 11] by assuming a phenomenologically
defined coupling density function ρ(ω). In the present
paper, we derived analytically ρ(ω), based on an entirely
microscopic approach. We found that the coupling den-
sity function, c.f. Eq. (26), does not have the kind of
power law dependence at zero frequency, with exponent
0 < s < 1, which was shown to be the necessary condition
for getting a critical exponent below 1. It is in agreement
with earlier theoretical prediction [40] and experimental
verification [12]. The Beliaev damping process of the po-
lariton, caused by the Kˆ3 term, vanishes identically below
a threshold frequency, as the conservation laws for energy
and momentum can not be fulfilled simultaneously below
this threshold. Thus, Beliaev damping has no substan-
tial impact on the properties of criticality, as the polari-
ton frequency goes below this threshold much before the
critical region. In the following, we focus on the observ-
able consequences of the Beliaev scattering process in the
spectrum of fluctuations outside the critical region.
In Fig. 4 we present correlation functions of the mode
cˆ for various parameter settings. When ωR < |∆C |, the
7FIG. 4. Correlation function of the quasiparticle excitation. Large detuning ∆C = 100 implies little mixing of the condensate
quasiparticle with the photon mode. (a) Weak coupling to the environment, κ = 0.1, % = 0.01. (b) Enhanced Beliaev scattering
process % = 0.1, κ = 0.1. (c) Enhanced photon loss rate κ = 10, % = 0.1. (All angular frequencies are expressed in units of
ωR.) The correlation function is plotted for different coupling strengths y approaching the critical value yc: y = 0 (dashed-
double-dotted red), y/yc = 0.5 (short-dashed green), 0.7 (dotted blue), 0.8 (dashed-dotted orange), 0.9 (solid brown), 0.95
(long-dashed magenta).
FIG. 5. Correlation function of the photon mode is plotted for different coupling strengths y approaching the critical value yc:
y = 0 (dashed-double-dotted red), y/yc = 0.5 (short-dashed green), 0.7 (dotted blue), 0.8 (dashed-dotted orange), 0.9 (solid
brown), 0.95 (long-dashed magenta). The cavity resonance peak at ∆C = 100 is independent of the pumping strength y and is
shown only for weak environmental couplings (a); κ = 0.1, % = 0.01. The inset displays the peaks around zero frequency. (b)
Increased Beliaev scattering broadens the peaks for ω > 0.5; % = 0.1, κ = 0.1. (c) Enhanced photon loss rate κ = 10 (% = 0.1)
broadens the peaks also for ω < 0.5. Parameters are measured in units of ωR, and are the same as in Fig. 4.
lower lying polariton mode, i.e. the soft mode, is domi-
nantly the condensate quasiparticle cˆ. Figure 4a shows
the case of weak environmental effects, that is both κ
and % are smaller than the coupling y. Because of the
small coupling to the environment, the spectrum mani-
fests sharp resonance peaks corresponding to the polari-
ton mode frequency. The plot shows that this eigen-
frequency approaches the origin as the coupling y is in-
creased, in accordance with the mode softening. Note
that the polariton resonance appears at both the posi-
tive and negative frequency sides, that is the result of
the counter-rotating terms in the Dicke-type light-matter
interaction Sac. We show the negative frequency peaks
only in Fig.4a and Fig. 5a, as they behave similarly to
their counterparts at positive frequency. These 2 plots
are good reference points as they contain insignificant
Beliaev damping and also pretty small photon loss com-
pared to other frequency scales.
In a next step, we study the variation of the shape of
the spectral lines as the decay parameters are enhanced.
First, the Beliaev process is enhanced by an order of mag-
nitude, i.e. % = 0.1ωR. In Fig. 4b the dashed-double-
dotted red line presents a simple broad peak (for y = 0),
whose width is determined by %. This spectrum has the
important feature that it strictly vanishes for ω < ωR/2,
since the coupling-density function ρ(ω) vanishes below
ω = ωR/2. On increasing the coupling strength y, the
peak moves towards lower frequencies, and it is “pushed”
into the ω < ωR/2 regime, where Beliaev damping of the
polariton is not allowed. Here, in the spectra associ-
ated with y/yc = 0.9 (dashed-double-dotted brown line)
and y/yc = 0.95 (long-dashed magenta line), there is a
strong sharp peak below ωR/2 which has a linewidth de-
termined by κ and the coupling strength y. The tail of
these peaks leaks into the ω > ωR/2 region. The main
feature in Fig. 4b is the spectacular hole burning effect at
ω = ωR/2 for y/yc = 0.9 (dashed-double-dotted brown
line) which originates from the non-trivially structured
coupling density function of the Beliaev damping pro-
cess.
In Fig. 4c, one can see the effect of a much larger cavity
decay parameter κ. The fine structure of the spectra
Cc(ω) near the frequency ωR/2 is washed out. Only a
small dip can be observed on the curve for y/yc = 0.95
(long-dashed magenta line). The higher κ amounts to
larger fluctuations that can excite efficiently the mode cˆ,
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FIG. 6. Steady-state populations in the atomic mode (top
panel) and in the cavity field mode (bottom panel) for three
different Beliaev scattering rates: % = 0.01 (solid red), 0.1
(dashed green) and 1ωR (dotted blue).
thus the peak of the correlation function gets increased.
Meanwhile the peak is broadened significantly in the ω <
ωR/2 regime.
Figures 5a-c show the corresponding spectrum of fluc-
tuations in the photon mode a which can be directly
measured by photodetectors. Fig. 5a presents the full
correlation function, including the cavity resonance peak
at ∆C = 100ωR. This Lorentzian peak (dashed-double-
dotted red line) is the same for all coupling strengts. In
contrast, the low frequency part of the spectrum (ex-
panded in the inset) shows the hybridization of the cavity
mode a with the atomic excitation mode c. For nonzero
coupling (y > 0) these peaks corresponds to the ones
observed in Fig. 4a. In Fig. 5b-c we present only the in-
teresting low frequency spectrum. The features observed
at the atomic mode (Figs. 4b-c) appear similarly in the
photonic spectrum, which facilitate direct observation of
the effect.
Finally, we calculate the excitation numbers in the
steady-state. They are given by the equal-time cor-
relations, i.e. 〈c†(0)c(0)〉 = (Cc(t = 0) − 1)/2,
which is obtained by the integral of the spectrum
Cc(t = 0) =
∫
dω
2piCc(ω). In Fig. 6 we plot the excitation
number of mode c (top panel) and of the cavity mode a
(bottom panel) as a function of the coupling y. Higher %
results in lower steady-state populations.1 Although the
spectrum of fluctuations were found to be significantly
structured functions due to the Beliaev damping effect,
the total number of fluctuations follow a simple mono-
tonic dependence as a function of the control parameter
y. Due to the Dicke-type phase transition in the sys-
tem, the excitation numbers in each mode diverge at the
critical point yc. The critical exponent, however, cannot
be changed by the Beliaev damping, since its coupling-
density function vanishes below ωR/2, while the system
reaches criticality, when the soft mode frequency tends
to zero. Therefore, the critical behaviour is determined
by the cavity decay process as in Ref. [40].
VI. CONCLUSIONS
By using the Keldysh-type Green’s function approach,
we revisited the Beliaev damping process acting on the
quasi-particle excitation of a condensate coupled to a
photonic mode of an optical resonator. We showed that
the effect of phonons in a four-particle scattering pro-
cess can be mapped to the problem of linear coupling
to a reservoir composed of bosonic modes. The pre-
sented general approach confirms a previous result that
the Beliaev scattering effect has a significant influence
on the spectrum of fluctuations, giving rise to a peak
at a certain mixing ratio of the quasi-particle excitation
and photon mode in the polariton. The coupling den-
sity function characterizing the effective reservoir is a
strongly patterned spectral function which has a non-
analytic point at half the recoil frequency. As a conse-
quence, the measurable spectrum of fluctuations of both
the quasi-particle and the photonic modes clearly reflect
non-Markovian dynamics, which is beyond the enhanced
damping effect [32, 33]. The spectrum of fluctuations ex-
hibiting a hole burning feature reveal an interesting inter-
play between the photon loss and the Beliaev scattering
processes. On the other hand, the singularity of the Be-
liaev process occurs in a frequency range away form the
critical point where the soft polariton mode frequency
vanishes. Therefore the exponent of the self-organization
criticality is not affected by the Beliaev damping process.
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Appendix A: Perturbation theory in the Keldysh
formalism
In Sec. III, the main goal is to arrive to an effective
model for the modes a and c by integrating out the
phonon modes hp. In other words, we introduce a new
dissipation channel, namely the damping of the cosine
mode to other phonons of the system. In this appendix,
we explicitly perform this integration at one-loop level.
We start from the definition of the Green’s function of
the cosine mode, given by Eq. (6). We refer to the com-
ponents of the matrix in the following way:
iGc,αβ(t, t
′) = 〈cα(t) cβ∗(t′)〉 =
∫
D [a, c, h] cα(t) cβ ∗(t′) eiS ,
(A1)
9where the Greek indices take values from the set {cl, q},
or {1, 2}, respectively. The path integral ∫ D [a, c, h] . . .
is over both classical and quantum components of a, c,
and hp, and in the case of hp also over all wavenumbers
p ∈ P(L). The action S is given by Eq. (7). Formally,
one can recast the integrals to
∫
D [a, c, h] cα(t) cβ ∗(t′) eiS
=
∫
D [a, c] cα(t) cβ ∗(t′) ei(Sa+Sc+Sac)
∫
D [h] eiSheiSch .
(A2)
The second factor in the second line depends on the vari-
ables ccl and cq, c.f., Eq. (14). Thus, by performing the
integral over the hp fields we end up with something de-
pending on the c fields in a nontrivial way. A Gaussian
approximation of this function is achieved by expanding
eiSch up to second order. The integrals over hp can be
performed with the help of the Wick theorem. The Feyn-
man graphs are given in Fig. 3, and the approximation
corresponds to one-loop level. In the end, we define SΣ
by∫
D [h] eiSheiSch ≈
∫
D [h] eiSh
(
1−S
2
ch
2
)
= 1+iSΣ ≈ eiSΣ ,
(A3)
where
SΣ = −
∫ +∞
−∞
dω
2pi
(
ccl ∗(ω) cq ∗(ω)
)
Σc(ω)
(
ccl(ω)
cq(ω)
)
.
(A4)
As a result, we end up with the effective action of the
photon-polariton dynamics,
Seff = Sa + S˜c + Sac , (A5)
where
S˜c = Sc + SΣ . (A6)
Here, Sa, Sc and Sac are defined by Eqs. (8), (9),
and (15), respectively. Equivalently, we can define an in-
termediate Green’s function, according to Eq. (16), with
which
S˜c =
∫ +∞
−∞
dω
2pi
(
ccl ∗(ω) cq ∗(ω)
)
G˜
−1
c (ω)
(
ccl(ω)
cq(ω)
)
.
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